We discuss the horizon properties, shadow cast, and the weak gravitational lensing of charged rotating regular black holes, which in addition to mass (M ) and rotation parameter (a) have an electric charge (Q) and magnetic charge (g). The considered regular black holes are the generalization of the Kerr (Q = g = 0) and Kerr-Newman (g = 0) black holes. Interestingly, for a given parameter set, the apparent size of the shadow monotonically decreases and the shadow gets more distorted with increasing charge parameter Q. We put constraints on the black hole parameters with the aid of recent M87* shadow observation. The conserved quantities associated with the rotating regular black holes are calculated and also a brief description of the weak gravitational lensing using the Gauss-Bonnet theorem is presented. Interestingly, the deflection angle decreases with the charge of the black hole. Our results vis-à-vis go over to the Kerr and Kerr-Newman black holes in the appropriate limits.
I. INTRODUCTION
The celebrated singularity theorem asserts that the gravitational collapse of the sufficiently massive stars, under certain conditions, necessarily leads to the formation of spacetime singularities [1] [2] [3] . One of the pathologies in the classical general relativity is the inevitable existence of singularities. The well-known black hole solutions of general relativity such as the Schwarzschild, Reissner-Nordström, and Kerr metrics harbor curvature singularities in the interior. It leads to the belief that the classical general relativity requires modifications where spacetime curvature blows, and that these singularities are likely to be resolved by quantum gravity. In the absence of a well-defined satisfactory theory of quantum gravity, to understand and resolve the internal singularity of a black hole, attentions were shifted to regular models, which are motivated by quantum arguments. Sakharov [4] and Gliner [5] proposed that for small r, the Einstein tensor is G µν = Λg µν , with Λ = 0, or equivalently the requirement that there exists a central de Sitter core obeying the equation of state P = −ρ, and eventually putting an upper bound on the scalar curvature. Consequently, the final collapsed state, a metastable state balancing the de Sitter outward radial pressure and the gravitational inward pressure, exterminates such curvature singularity at its center, and in the presence of horizon imitates a regular black hole. Bardeen [6] realized this idea to propose the first-ever model for the regular black hole, which is later shown to be an exact solution of Einstein's field equations coupled with the nonlinear electrodynamics (NED) [7] [8] [9] . Since then several other regular black hole solutions have been proposed and discussed [10] [11] [12] [13] [14] [15] (see also [16] for a general review of regular black holes). It turns out that the absence of central singularities makes the Hawking radiation and information loss issues less problematic [17] . Later, Hayward [18] proposed a concrete model, which is convenient for the analysis, of the collapse and evaporation phases. The formation of a black hole from an initial vacuum region is described by a regular black hole, which can be also obtained by mainly working within NED.
In general an action minimally coupled with NED [9] is given by
where R is the Ricci curvature scalar, and the Lagrangian density L(F ) is a function of F = F µν F µν /4 with F µν = ∂ µ A ν − ∂ ν A µ being the electromagnetic field tensor for the gauge potential A µ . On varying action (1) , the field equations of motion read [8, 9] G µν = T µν = 2 L F F µσ F σ ν − 1 4 g µν L(F ) (2) ∇ µ (L F F µν ) = 0 and ∇ µ ( * F µν ) = 0.
We assume the static and spherically symmetric metric anstaz as
To derive the Hayward black hole [18] , we choose the Lagrangian density [19] L(F ) = 6 sg 2 (2g 2 F ) 3/2
where s is a constant and g is the magnetic charge. The Maxwell field tensor is
With this choice of F µν , the Maxwell Eq. (3) implies g ′ (r) sin θdr ∧ dθ ∧ dφ = 0,
where ′ corresponds to the derivative with respect to r. Equation (7) leads to g(r) = g =constant. Then the field tensor and F become
where the magnetic charge g is defined as F /4π = g. Now, with Eqs. (5) and (8) , one gets
On using Eqs. (2) and (9) , the energy-momentum tensor reads
Using the metric anstaz (4), Eq. (2) with energy-momentum tensor Eq. (10) admits an exact solution ds 2 = − 1 − 2Mr 2 r 3 + 2Mℓ 2 dt 2 + 1 − 2Mr 2 r 3 + 2Mℓ 2 −1 dr 2 + r 2 (dθ 2 + sin 2 θdφ 2 ), (11) which is the Hayward black hole [18] . Here, s = |g|/2M, g 3 = 2Mℓ 2 and M appears as an integration constant and can be identified as the black hole mass parameter [18, 20] . The magnetic charge g is indeed related to the length associated with the region concentrating the central energy density, such that modifications in the spacetime metric appear when the curvature scalar becomes comparable with ℓ −2 [18] . Moreover, the nonzero value of ℓ prevents the curvature scalars to grow infinitely at the central region and makes them bounded from above, just in the spirit of the original idea of the regular black hole.
Recently, Frolov [21] included the electric Maxwell charge, and proposed the charged Hayward black hole, which reads
In the limit ℓ → 0, one recovers the Reissner-Nordström metric. Further, at r → ∞ and r → 0, one has, respectively,
which implies that the charged Hayward metric is also regular at the origin with curvature being of the order ℓ −2 . The causal structure of the Hayward black hole makes resemblance with that of the Reissner-Nordström spacetime, except that now r = 0 is not singular anymore [22] . Subsequently, the Hayward black hole has been studied in the wide context of physical phenomenon [21] [22] [23] [24] [25] [26] . The generalization of these static Hayward black holes to the axially symmetric case, Kerr-like black hole, was also addressed recently [27] [28] [29] . It is demonstrated [27] that the rotating Hayward black holes can be derived starting from exact spherical solutions (11) by a complex coordinate transformation due to Newman and Janis [30, 31] in general relativity. Gravitational lensing and a black hole shadow provide possible ways to distinguish the regular black holes from the Kerr black hole [32] [33] [34] [35] [36] [37] [38] .
The supermassive black holes at the galactic centers are believed to possess a finite electric charge, which can have considerable effects on the electromagnetic processes around its vicinity [39] [40] [41] . In this paper, we obtain and discuss the charged rotating Hayward black holes, with an implication to test them with astrophysical observations. It is natural to anticipate the rich spectrum of black hole physics with the inclusion of electric charge and rotation parameter to the regular black holes and to check if a charged one can be observationally distinguished from the uncharged counterpart. We discuss the horizon structures and investigate the issue of energy conditions. The study of null geodesics around black holes is of great importance both from the theoretical and observational point of view, as they play crucial roles in determining the strong gravitational field features, such as gravitational lensing and shadow. We calculate the deflection angle of light by considering the source and observer at finite distances from the black hole and compare it to that for the Kerr-Newman and Kerr black holes. With the aid of recent shadow observational data from the EHT Collaboration [42, 43] , we modeled the charged rotating Hayward black hole as M87* and constrained the parameter space which at best can describe the observed asymmetry of the shadow. We find that for a certain parameter space the charged rotating Hayward black hole resembles the observed image.
The paper is organized as follows. The Horizon structures and the issue of energy condition violation are investigated in Sec. II. Section III is devoted to the discussion of the Komar conserved quantities. In Secs. IV and V, we discuss the possible observational consequences specifically the black hole shadow and the gravitational lensing phenomenon around a charged rotating Hayward black hole. Finally, we conclude Sec. VI. In this paper, we used the geometric system of units G = = c = 1.
II. HORIZON PROPERTIES AND WEAK ENERGY CONDITION
The metric (12) allows a generalization to the stationary and axially symmetric spacetime, namely, the charged rotating Hayward black hole, which in the Boyer-Lindquist coordinates reads [27, 44, 45] 
where Σ = r 2 + a 2 cos 2 θ, ∆ = r 2 + a 2 − 2m(r)r and a is the spin parameter. The metric has the form of Kerr black hole with mass m(r), which is a measure of mass inside the region of constant radial coordinate r, such that in the limit r → ∞, it approaches the black hole mass parameter M, i.e. lim r→∞ m(r) = M. Indeed, the mass function interpolates between a de-Sitter core and the asymptotically flat spatial infinity [21] . The charged rotating Hayward black hole metric is a prototype of a large class of the Kerr family, where ℓ describes the deviation from the Kerr-Newman black hole [46] , which is recovered when ℓ = 0. The Kerr black hole solution [47] can be realized from metric (15) , as the special case when ℓ = Q = 0.
The Reissner-Nordström [48] and Schwarzschild solutions are special cases, respectively, when a = ℓ = 0 and Q = a = ℓ = 0. Besides, at large distance (r >> ((2Mr + Q 2 )ℓ 2 ) 1/4 ) the metric correctly reproduces the Kerr-Newman solution, nevertheless, at the asymptotic spatial infinity, it goes over to the Minkowski spacetime.
The black hole metric (15) is stationary and axisymmetric, which entails the two obvious isometries of the spacetime. The generators of these time-translational and rotational symmetries along the t and φ axis, respectively, represent the Killing vectors ξ µ (t) = δ µ t and ξ µ (φ) = δ µ φ , and one has
The static limit surface (SLS) or infinite redshift surface of a black hole (15) is a surface at which the time translational Killing vector becomes null, such that r 2 + a 2 cos 2 θ − 2m(r)r = 0. shown that two SLS come closer with increasing a or Q and eventually coincided.
The rotating metric (15) , like the Kerr metric, is also singular at ∆ = 0 corresponding to the position of horizons, which are determined by solving Fig. 2 ). It is evident that the horizons can have three different possible configurations, namely, two distinct roots for r − and r + (a < a E ), degenerate horizons with r + = r − ≡ r E + (a = a E ), and no real roots for r + and r − (a > a E ).
Accordingly, we find that for fixed Q the whole parameter space (a, ℓ) can be divided into two regions as shown in Fig. 3 . Such that, parameters inside each curve yield two distinct horizons, whereas those outside correspond to the no-horizon configurations. Each curve delineates the boundary between these two regions and comprises the extremal values of the parameters which lead to the existence of extremal black holes. rotating Hayward black hole, as is evident from Fig. 4 .
Next, we briefly investigate the issue of energy conditions for the stress-energy tensor associated with the charged rotating Hayward black hole (15) . In the frame of a locally nonrotating observer, we consider the following orthonormal tetrad [49] :
In this frame the stress-energy tensor is naturally diagonal (ρ, P 1 , P 2 , P 3 ), whose components [45, 50] . In particular, at the equatorial plane (θ = π/2) they have the following form:
It is well known that static regular black holes satisfy the weak energy condition (ρ ≥ 0 and ρ + P i ≥ 0) [27, 51] . In Fig. 5 , we have shown the qualitative behavior of ρ + P 2 as a function of r and ℓ for different values of Q, nevertheless ρ > 0 for all possible values. This is evident that the weak energy condition may be violated in the vicinity of the central region (r < r c ) of the black hole. This is generic for all rotating regular black holes (see e.g. [27, 52]). However, despite some energy condition violations, such solutions are important as astrophysical black holes are rotating. However, the violation of the energy condition is very weak (cf. Fig. 5 ), and the region of violation is always shielded by the Cauchy horizon,
i.e. r c < r − (cf. Fig. 5 and Table I 
III. CONSERVED QUANTITIES
The conserved quantities associated with the Killing vectors ξ µ (t) and ξ µ (φ) can be identified, respectively, as the total mass (effective mass) and angular momentum (effective angular momentum). One can determine these conserved quantities through Komar integrals [53] , such that they are defined with respect to an observer in the asymptotically flat spacetime unaffected by the spacetime curvature. The metric (15) is asymptotically Minkowski in a large-r limit, so permits to consider such observers. We consider a spacelike 3-hypersurface Σ t embedded in the 4-dimensional spacetime M, such that the vector ∂ t is orthogonal to the hypersurface. The closed 2-boundary ∂M of the hypersurface is a constant-t and constant-r surface and spanned only by the θ and φ coordinates. The conserved quantities associated with the asymptotically flat spacetime are related to its gravitational Hamiltonian, provided that Σ t asymptotically coincides with the surface of constant-t at the spatial infinity [54, 55] .
Following a coordinate independent definition of the Komar integral [53, 56] , the conserved mass (effective mass of a given spacetime) reads
where σ corresponds to the timelike one-form
and * dσ is the dual of two-form dσ. Since the metric components in Eq. (15) are functions of r and θ, the two-form or exterior derivative dσ of one-form σ reads
Using Eq. (21), we redefine the tetrad in one-form as
Then Eq. (23), in terms of the tetrad, takes the form
where
The dual * dσ is a map from two-form to (4-2)-form [55] , accordingly it reads
Here, the integration is performed over the boundary ∂M which is characterized by constantt and constant-r surface. Using Eq. (27) and rewriting it in terms of coordinates, the effective mass reads
Inserting the value of mass function m(r) from Eq. (12), we find
At the asymptotic spatial infinity, the observed mass yields lim r→∞ M ef f = M, whereas in the limit ℓ = 0, it reads
which is the M ef f for the Kerr-Newman black hole [57] . Furthermore, in the limit a = 0, we obtain the effective mass of the static charged Hayward black hole
Now, we evaluate the effective angular momentum by using the Komar integral for the spcaelike Killing vector ξ µ (φ) , which reads [53]
Here, the prefactor 1/16π is chosen properly to obtain the correct value at the asymptotic infinity, and dη is a two-form for the spacelike one-form η defined as
Hence, we obtain the dual to two-form dη
Using Eq. (34), we find that Eq. (32) reduces to
Equation (36) with the charged Hayward mass function (12) gives the Komar angular momentum in terms of M, a, Q, l, which in the limit ℓ = 0 yields
which can be identified as the effective angular momentum for the Kerr-Newman spacetime.
In the large r limit the effective angular momentum J ef f (36) reduces to the value Ma.
The expressions in Eqs. (28) and (36) of the Killing horizon as well, where Ω turns out to be the angular velocity at the event horizon. Therefore, we can identify a conserved quantity associated with χ µ . Following the definitions of Komar integrals, we find
with Ω = a r 2 + + a 2 .
Substituting the expression for M ef f and J ef f from Eqs. (28) and (36) into Eq.(38), we find the Komar conserved quantity at the event horizon
which in the limit l → 0 retains the following value
This is consistent with the value for the Kerr-Newman black hole [57] .
IV. BLACK HOLE SHADOW
The EHT was set up for imaging shadows of supermassive black holes like M87* and Sgr A* [58]. Recently, the EHT has released the first image of M87*, which is in accordance with the shadow of a Kerr black hole as predicted by general relativity [42, 43] . It turns out that the Reissner-Nordström black hole with a significant charge also agrees with the observational data, and provides even a better fit when compared with the Schwarzschild black hole [39] . The shadow of a black hole is the boundary of photon capture orbits and scattering orbits [54] , and hence in the following let us consider photon orbits in the background of the charged rotating Hayward black holes. Isometries along ∂ t and ∂ φ allow one to define the conserved energy E and angular momentum L along the geodesics
Solving these equations leads to the following geodesic equations in the first-order differential
Following the Hamilton-Jacobi equation for geodesic motions [59]
and Carter's separability prescription [59] , we choose the action as
where τ is the affine parameter along the geodesics. Then, we obtain the geodesic equation of motion for r and θ coordinates
with
where K stands for Carter's constant of motion [59] . Equations (43) , (44) along with Eqs. (47) and (48) 
where r * is the distance between the observer and black hole, and θ 0 is the inclination angle between the line of sight of the observer and the rotational axis of the black hole. We consider that observer is at a far distance from the black hole and lies on the θ 0 = π/2 plane. Using geodesic Eqs. (44)-(47) and celestial coordinate (52), we obtain
.
The contour of α and β in Eq. (53) delineate the shadow for the charged rotating Hayward black hole, which is depicted in Fig. 7 for varying parameters: the shadow corresponds to the region inside each closed curve. A comparison of the charged rotating Hayward black hole shadow with that for the Kerr-Newman (ℓ = 0) and rotating Hayward (Q = 0) is also shown. Further, in order to characterize the apparent shadow, we define two observables, namely, shadow radius (R s ) and distortion parameter (δ s ) [63] . We approximate the shadow 
Here, (α t , β t ), (α r , β r ), (α l , β l ) are, respectively, the coordinates of the shadow vertices at top, right and left edges, while (α l ,β l ) is the coordinate of the left edge of the referenced circle [33] .
The presence of the charge has a profound influence on the apparent shape and size of the shadow, as increasing Q gradually decreases the shadow size whereas it increases the distortion (cf. Fig. 8 ). Moreover, the distortion in the shadow grows rapidly for the near extremal values of black hole parameters. Similarly, for fixed values of a and Q, increasing ℓ reduces the size of the shadow and enhances the distortion, viz., the shadow of the charged rotating Hayward black hole is smaller and more distorted than the corresponding Kerr-Newman black hole shadow (ℓ = 0). The blue solid curve in Fig. 8 with the observational data [43, 64, 65] . The observation inferred that the shadow is nearly circular and the deviation from circularity in terms of the root-mean-square (RMS) distance from the shadow average radius is ∆C ≤ 10%. We define the average radius of the shadow
where (α G , β G ) is the geometric center of the shadow; α G is the horizontal displacement, and β G is the vertical displacement
due to the shadow symmetry along the α axes β G = 0, and ϕ determines the angle along the shadow boundary from the α axes
The deviation from the circularity is defined as [66, 67] 
We calculate the deviation from circularity ∆C for the charged rotating Hayward black hole over the entire parameter space for θ 0 = π/2. In Figs. 11 and 12 , we have shown ∆C, respectively, as a function of (a, l) and (a, Q). It is evident from the figures that the measured deviation ∆C ≤ 0.1 constrained the black hole parameter space, i.e., the rotating charged Hayward black hole for particular values of parameters can mimic the asymmetry in the observed shadow of the M87* black hole.
V. GRAVITATIONAL DEFLECTION OF LIGHT BY THE CHARGED ROTAT-

ING HAYWARD BLACK HOLE
The deflection angle for the rotating axisymmetric spacetime at the equatorial plane can be written in terms of the angle made by light rays tangent to the radial direction at the 
Here, Φ OS = Φ O − Φ S , where Φ O and Φ S are, respectively, the angular coordinates of the observer and the source. We consider a quadrilateral ∞ O ∞ S of spatial light ray curve from the observer and source, and a circular arc segment C r of coordinate radius r C (r C → ∞) (cf. Fig. 13 ). We assume that the source and observer are located at a finite distance from the lens object (black hole), light rays propagating from the source to the observer get deflected due to the gravitational field of lens object. Indeed, this deflection angle explicitly depends on the impact parameter of light, and for large impact parameter ξ >> ξ s , the deflection angle is small. However, as the impact parameter approaches the critical value, the deflection angle gets larger and larger and become unboundedly large for ξ = ξ s [69] .
These light rays can be described as the spatial curves on a 3-dimensional Riemannian manifold (3) M described by the optical metric [70] . One can solve the metric (15) for null geodesics ds 2 = 0 to get
where γ ij can be identified as the optical metric and N i as the one-form, respectively, defined by
In the weak field limit, we can define the mass function from Eq. (12) up to the leading order contributions
Using the optical metric and Gauss-Bonnet theorem [70] [71] [72] [73] , we define the deflection angle for light in terms of the Gaussian curvature K of the surface of light propagation and the geodesics curvature k g of light curves, which yields [68] 
where dS and dl are, respectively, the infinitesimal area element of the surface and line element along the curve.
The domain of integration in Eq. (63) is a quadrilateral ∞ O ∞ S in the curved space defined by γ ij , as shown in Fig. 13 . The line element along the curve can be identified with the affine parameter for the light rays [68] . For instance, we study the light propagation in the equatorial plane by setting θ = π/2; this allows us to define the Gaussian curvature of the two-dimensional surface as [74] 
where γ is the determinant of a (2×2) metric defined at the equatorial plane. K is computed
We have used the weak-field approximation and calculated only the leading order contributing terms. The integral of Gaussian curvature over the closed quadrilateral reads [68] ∞ O
where r 0 is the closed distance to the black hole. Using Eqs. (44) and (47) and introducing u = 1/r, we find that the light orbit equation reads
where b ≡ ξ is the impact parameter. In the weak field limit, Eq. (67) admits the solution [68] , and we can rewrite Eq. (66) as follows
which for metric (62) reads as
Here, u o and u s are, respectively, the reciprocal of the observer and source distances from the black hole, and we have used cos
The geodesic curvature of light curve with the optical metric in the manifold (3) M can be described as [68] 
which clearly vanishes for a nonrotating black hole spacetime and makes a finite and crucial contribution to the deflection angle around a rotating black hole. The geodesic curvature for metric (62) is given by
The contribution from the geodesic curvature is in the form of a path integral along the light curve from the source to the observer. Considering a coordinate system centered at the lens position, we can approximate the light curve with r = b/cos ϑ and l = b tan ϑ [68] . Then, the path integral of geodesic curvature reads
where we have considered the prograde motion of photons (dl > 0), for retrograde motion (dl < 0) we will get an extra -ve sign in Eq. (73) . Inserting Eqs. (70) and (73) into Eq. (63), we can compute the deflection angle for light at the equatorial plane for the finite-distance case, which gives a lengthy expression. In the asymptotically far distance limit, u o → 0 and u s → 0, the deflection angle yields
where α D | Kerr stands for the Kerr deflection angle [68] 
The deflection angle for a Kerr-Newman black hole (ℓ = 0) can be determined from Eq. (74) as
In addition, the deflection angle of light for a nonrotating (a = 0) charged Hayward black hole can be computed from Eq. (74) to get which further in the limiting case of l = 0, Q = 0 naturally gives the value for the Schwarzschild black hole [69] as 
VI. CONCLUSION
The solution of Einstein's field equations for a source satisfying the generic energy conditions exhibit both past and future singularities encompassed by the event horizon [3, 75] .
The singularity pathology in general relativity, which indicates the breakdown of the classical theory and requires modifications at high energies, motivated physicists to develop the idea of regular spacetimes inside black holes. As expected the resulted energy-momentum tensor should violate some of the energy conditions, and though the solutions are deprived of central curvature singularity, horizons may still present. Hayward's black hole solution is one such example, whose global structure is very similar to a singular black hole, namely, to the Reissner-Nordström black hole except that now r = 0 is a regular point [22] .
In this paper, we have studied the charged rotating Hayward black hole, which realizes the Reissner-Nordström, Kerr and Kerr-Newman black hole solutions as various limiting cases.
The black hole solution interpolates between a de-Sitter core at small r and a Kerr-Newman black hole at large r. The obtained black hole solution has up to two horizons, provided that the parameters are properly chosen. Furthermore, there always exist extremal values of the parameters, for which both horizons coincide. The allowed parameter space (a, ℓ) for the existence of black hole horizons becomes more and more compact with increasing Q. We found that the black hole is supported by a physically reasonable source whose components are well defined, bounded from above and fall appropriately at large distances. For the rotating solution, the weak energy condition may be violated and the violation becomes stronger near the central region. The nonzero value of charge Q has a profound impact on this violation, as the region of violation (r ≤ r c ) increases with Q. It is shown that for rotating charged Hayward black holes, the region of violation is always inside the Cauchy horizon, i.e., r c < r − .
Employing the spacetime isometries, we determined the corresponding effective mass M ef f and angular momentum J ef f . These entities calculated within a finite r are found to be lower than their asymptotic values. Moreover, at a fixed radial coordinate r, the values of M ef f and J ef f for the charged rotating Hayward black hole are smaller than those for the Kerr-Newman black holes. Emphasizing on the observational signatures that a charged regular black hole can have, gravitational lensing and the resulting black hole shadow are discussed. For lensing, we considered that the source and the observer are at finite distances from the black hole. We found that for fixed values of parameters, the deflection angle of light for a rotating charged Hayward black hole is smaller than those for the Kerr or Kerr-Newman black holes. In particular, the correction made by the nonzero ℓ to the deflection angle in the weak-field limit is of the micro-arcsecond order. Shadows for various values of parameters are constructed and it is found that the presence of Q and ℓ made noticeable changes in the shadow shape and size. In particular, the shadow gets smaller and more distorted comparing to that for the Kerr black hole with increasing Q or ℓ. With the aid of the recent M87* black hole shadow observations, we modeled the rotating charged Hayward black hole as M87* and put constraints on the parameters of the solution.
